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Wormholes (WHs) are considered as hypothetical shortcuts or tunnels in spacetime. In
general relativity (GR), the fundamental ingredient of WH geometry is the presence of
exotic matter at the throat, which is responsible for the violation of null energy condition
(NEC). However, the modified gravity theories has shown to be able to provide WH
solutions satisfying energy conditions (ECs). In this paper, we study the static spherically
symmetric WH solutions in modified f(R, T ) gravity for a phantom fluid case. The
exact solutions of this model are obtained through the equation of state (EoS), p = ωρ,
associated with phantom dark energy (DE) ω < −1. We find the existence of spherically
symmetric WH solution supported by phantom energy distribution. The shape function
of the WH is obtained in this model obeys all the WH metric conditions. In modified
gravity scenario the phantom fluid WH violates the NEC in radial case, unlike in the
tangential case. Furthermore, using the “volume integral quantifier” (VIQ) method, the
total amount of EC violating matter in spacetime is discussed briefly.
Keywords: Traversable WHs, phantom fluid, energy conditions.
PACS Nos.: 04.50.kd
1. Introduction
The major challenges in modern cosmology is the late-time behavior of the universe.
Recent observational evidences from type Ia supernovae1,2 points out an acceler-
ating phase of the universe. The driving force behind this accelerating expansion
is dominated by a mysterious substance known as dark energy (DE) dubbed with
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negative pressure. To address this expansion, cosmologists can invoke DE as one
candidate or the modified theories of gravity.
From time to time several modified theories of gravity have been proposed in
literature to address the accelerated expansion of the universe, namely, scalar tensor
theories,3 f(R) gravity,4–6 f(T ) gravity (T is the torsion scalar),7,8 f(G) gravity
(G is the Gauss-Bonnet scalar),9–11 brane-world models,12,13 and f(R, T ) gravity14
etc.
Moreover, cosmological models with DE are characterized by an EoS parameter
given by ω = pρ , where p and ρ are the pressure and energy density respectively.
15
The parametric range of ω defines some specific DE models such as: quintessence
model for which the parameter ω range lies in between −1 < ω < −13 16,17 while
ω = −1 represents cosmological constant.18 The most exotic form of hypothetical
DE with positive energy density and negative pressure is called phantom energy
with the specified range ω < −1.19–21 The value of ω crossing the phantom line
(ω = −1) during the evolution of the universe termed as quintom model which
is different from quintessence and phantom phase.22–27 Recently, Sahoo et. al.28
showed the quintom behavior for the EoS parameter in f(R, T ) gravity model with
periodic varying deceleration parameter.
In particular, phantom energy with ω < −1 has a peculiar property, namely-
big rip singularity.17,29 The point at which the scale factor, energy density, and
pressure of quintessence diverge at a finite time in the future is known as the big rip
singularity. Additionally, negative entropy and negative temperature also appear in
phantom thermodynamics near big rip.30–32
Another interesting feature is that when phantom energy universe approaches
the finite time singularity, masses of black hole tends to zero,33 which can be found
in the literature with brane-world scenarios.34 Nowadays, the NEC violation in
phantom universe is one of the most popular properties discussed in several aspects.
The NEC (ρ + p ≥ 0) as well as weak energy condition (WEC) (ρ ≥ 0, ρ + p ≥ 0)
are satisfied with the choice of ω > −1. But in the case, ω < −1, NEC is violated
(ρ+ p < 0) along with other ECs too. It is important to note that the DE density
is always positive while the exotic matter has the property ω < −1 called phantom
energy.
At the same time, NEC violation leads to the existence of WH solutions35,36
which are hypothetical passages between two regions of spacetime supported by
“exotic matter”. Therefore, its worthwhile to consider phantom energy as a possible
candidate of exotic matter to study WH solutions in the spacetime. As the WH
spacetime is inhomogeneous it requires a nonhomogeneous matter. One can see
that a spherically symmetric WH requires a matter which is characterized by two
different pressures (radial and transverse) as an example. Thus one can extend the
notion of phantom DE on inhomogeneous spacetime configurations.37
In the context of GR, exact solutions of Einstein field equations are obtained
with a barotropic EoS p = ωρ. By considering ω < −1 as in ref.,38 the authors have
obtained an anisotropic WH model supported by phantom energy, while for ω > 0
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they found a model for galactic rotation curve. For instance, a barotropic relation for
the dark fluid is able to model the galactic halos, in which the dark fluid’s pressure
must not be zero as it is necessary to reach the hydrostatic equilibrium, as expected
for the halo. The most direct evidence at galactic scale of the existence of dark
matter comes from the rotational curve of galaxies. For this purpose, the authors
in ref.38 has derived a galactic halo model by purely mathematical approach i.e. by
considering the EoS parameter as ω > 0. They have derived an exact solution of
Einstein’s field equation as
ds2 = −
(
r
b0
)l
dt2 + e2Λ(r)dr2 + r2(dθ2 + sin2(θ)dφ2). (1)
This line element is correct for each values of parameter l, but it is physically
reliable with positive value of l only, since it is normally viewed as a model for
galactic rotation curves. However, the existence of a perfect fluid is a reasonable
assumption for the existence of dark matter. In this work we focused on the EoS of
phantom DE with ω < −1 for deriving a WH model.
The asymptotically flat WH solutions are studied with phantom energy EoS,39
in which the VIQ is considered to collect an useful information about the total
amount of EC violating matter. Further they suggested that an asymptotically flat
WH solution can be constructed with an arbitrarily small amount of EC violating
matter.
Several authors have used the EoS p = ωρ for obtaining phantom WH solution
in different aspects (see refs.40–42). The violation of NEC is the basic requirement
of WH geometry in GR unlike in the modified theories of gravity. The validation of
NEC in several modified gravities can be referred in f(R) gravity,43 scalar tensor
theories,44,45 curvature matter coupling,46,47 conformal Weyl gravity,48 in hybrid
metric-Palatini gravitational theory49,50 and modified theory with higher curvature
terms which supports exotic space time.51,52
In ref.,53 the authors have studied the phantom fluid WH in modified gravity
scenario. In that article the WH material content is described by an anisotropic
energy momentum tensor and supported by phantom fluid source. Further the au-
thors in ref.53 have obtained the WH solutions by assuming the hyperbolic shape
function with constant and non-constant redshift function. In the present model,
we concentrate on the phantom energy evolution describing accelerated expansion
of the universe for WH geometry in modified f(R, T ) gravity. The cosmic acceler-
ation of the universe driven by phantom DE defined through EoS with ω < −1.
The interesting features of matter energy coupling and the coupling constant are
presented in this model. Also, we have employed the VIQ to quantify the exotic
matter (cause of violation).
This article is organized in the following manner: sec-II deals with the mathemat-
ical formulation of f(R, T ) gravity field equations derived from the Hilbert-Einstein
action principle. The exact WH solutions of the f(R, T ) gravity field equations with
constant redshift function are analyzed in sec-III. In sec-IV, the ECs and VIQ are
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analyzed. Results and physical behaviors of the model are discussed in the conclu-
sion sec-V.
2. The f(R, T ) gravity model
The respective field equation of f(R, T ) gravity model proposed by Harko et al.14
is formulated from the Hilbert-Einstein action in the following manner:
S =
∫ √−g( 1
16piG
f(R, T ) + Lm
)
d4x, (2)
where Lm is the usual metric dependent Lagrangian density of matter source,
f(R, T ) is an arbitrary function of Ricci scalar R and the trace T of the energy-
momentum tensor Tij and g is the determinant of the metric tensor gij . The moti-
vation behind the additional material terms in the gravitational action is associated
to the possible existence of imperfect fluids in the universe.
The energy-momentum tensor Tij from Lagrangian matter is defined in the form
Tij = − 2√−g
δ(
√−gLm)
δgij
(3)
and its trace is T = gijTij .
By varying the action S in eqn. (2) with respect to gij , the f(R, T ) gravity field
equations are obtained as
F (R, T )Rij−1
2
f(R, T )gij+(gij−∇i∇j)F (R, T ) = 8piTij−F(R, T )Tij−F(R, T )Θij ,
(4)
where
Θij = −2Tij + gijLm − 2glm ∂
2Lm
∂gij∂glm
. (5)
Here, F (R, T ) = ∂f(R,T )∂R , F(R, T ) = ∂f(R,T )∂T ,  ≡ ∇i∇i where ∇i is the co-variant
derivative.
The energy-momentum tensor can be regarded as a source term for the curvature
of space time. All its components can be seen as sources of gravity and not just mass
density alone. In this model the energy-momentum tensor for anisotropic fluid is
given as
T ij = (ρ+ pt)u
iuj − ptgij + (pr − pt)xixj . (6)
Here, ρ is the energy density, pt the tangential pressure and pr the radial pressure.
ui and xi are the four-velocity vector and radial unit four vector satisfied with the
relation uiui = 1 and x
ixi = −1 respectively. We choose the matter Lagrangian as
Lm = −P, where P = pr+2pt3 is the total pressure.
The general f(R, T ) gravity field equations with linear case (i.e. f(R, T ) =
R + 2f(T ) with f(T ) = λT , λ is an arbitrary constant) is (under the assumption
c = G = 1)
Gij = (8pi + 2λ)T
i
j + λ(ρ− P). (7)
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3. WH solutions with constant redshift function
The static spherically symmetric WH metric35,36 with Schwarzschild coordinates
(t, r, θ, φ) is given by
ds2 = −e2a(r)dt2 + dr
2
1− b(r)r
+ r2(dθ2 + sin2(θ)dφ2), (8)
where a(r) is the redshift function, b(r) the shape function of the WH and the radial
coordinate r goes from r0 to infinity, i.e. r0 ≤ r < ∞, where r0 is known as the
throat radius. Furthermore, there are some conditions that the shape function b(r)
has to satisfy near the throat (i.e at r = r0):
• Throat condition: b(ro) = r0 and b(r) < r for r > r0
• Flaring out condition: b′(r0) < 1 (in general b−b′rb2 > 0) with ′ = d/dr.
• Asymptotical flatness
lim
r→∞
b(r)
r
= 0.
The field eqns. (7) for the metric (8) with constant redshift function (i.e a′(r) = 0)
are given as:
b′
r2
= (8pi + 3λ)ρ− 1
3
λpr − 2
3
λpt,
b
r3
= −(8pi + 7
3
λ)pr + λρ− 2
3
λpt,
b′r − b
2r3
= −(8pi + 8
3
λ)pt + λρ− 1
3
λpr.
(9)
Here, we have three equations with four unknowns b(r), ρ(r), pt(r) and pr(r). In
order to derive an exact solution, we need another physical assumption. For which,
we have considered the relation between pr and ρ such as
54–58
pr = ωρ, (10)
where ω is known as EoS with a phantom range ω < −1. We get the explicit exact
solutions are as follows:
b(r) = r
3(λ+2pi)
λ(2ω−1)+6piω+1
0 r
3(λ+2pi)
λ−2(λ+3pi)ω , (11)
ρ = − (λ+ 3pi)r
3(λ+2pi)
λ(2ω−1)+6piω+1
0
(λ+ 4pi)(λ(2ω − 1) + 6piω)r
3(λ+2pi)
λ−2(λ+3pi)ω−3, (12)
pt =
(λω + 3pi(ω + 1))r
3(λ+2pi)
λ(2ω−1)+6piω+1
0
2(λ+ 4pi)(λ(2ω − 1) + 6piω) r
3(λ+2pi)
λ−2(λ+3pi)ω−3, (13)
pr = − (λ+ 3pi)ωr
3(λ+2pi)
λ(2ω−1)+6piω+1
0
(λ+ 4pi)(λ(2ω − 1) + 6piω)r
3(λ+2pi)
λ−2(λ+3pi)ω−3. (14)
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To obey the basic requirements of shape function like throat condition, flaring out
condition and the condition for the typical asymptotically flatness, it is determined
that λ must remain in the range of -20 to -10 or it has to be positive. In the present
case, we use a positive λ, because it is only limited downwards and achieves better
results for the energy conditions. The graphical behavior of the shape function and
its requirements with the positive λ is plotted in the Fig. 1.
b(r)
b'(r) b(r)/r
b(r)-r
0.5 1.0 1.5 2.0 2.5 3.0
-1.0
-0.5
0.0
0.5
1.0
1.5
2.0
r
Fig. 1. The graphical behavior of shape function b(r), throat condition b(r)− r < 0, flaring out
condition b′(r) < 1 and asymptotically flatness limr→∞ b(r)r = 0 for r0 = 1 and λ = 2.
We can see directly that all conditions mentioned earlier are satisfied for the
WH geometry. Further, the energy density ρ is always positive (which is part of the
WEC) and it is shown in the next figure.
Fig. 2. The energy density, ρ(r) ≥ 0 for ω = −1.5.
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4. Energy conditions
In general, the ECs are inequalities for the contraction of timelike or null vector fields
with respect to the Einstein tensor and the energy-momentum tensor (which de-
scribes matter properties) coming from Einstein field equations. Since GR does not
determine any major restrictions in this regard, we need them to obtain physically
meaningful solutions. We discus here the four fundamental energy conditions59–61
which are
• The null energy condition (NEC) i.e. ρ+pi ≥ 0 is the weakest restriction
and just represents the attractive nature of gravity.
For the present model the NEC is obtained as:
ρ+ pr = − (λ+ 3pi)(ω + 1)r
3(λ+2pi)
λ(2ω−1)+6piω+1
0
(λ+ 4pi)(λ(2ω − 1) + 6piω) r
3(λ+2pi)
λ−2(λ+3pi)ω−3, (15)
ρ+ pt =
(λ(ω − 2) + 3pi(ω − 1))r
3(λ+2pi)
λ(2ω−1)+6piω+1
0
2(λ+ 4pi)(λ(2ω − 1) + 6piω) r
3(λ+2pi)
λ−2(λ+3pi)ω−3. (16)
Fig. 3. Validation of NEC, ρ(r) + pt ≥ 0. Fig. 4. Violation of NEC, ρ(r) + pr ≤ 0.
• The weak energy condition (WEC) i.e. ρ + pi ≥ 0, ρ ≥ 0, where
i = 1, 2, 3 includes the NEC and ensures additionally the positivity of the
energy density. The behavior of WEC are shown in Figs. (2-4).
• The strong energy condition (SEC) i.e. ρ+pi ≥ 0, ρ+
∑
i pi ≥ 0 stems
from the attractive nature of the gravity and its form is a direct result of
considering a spherically symmetric metric in GR framework. It reads,
ρ+ pr + 2pt = − λr
3(λ+2pi)
λ(2ω−1)+6piω+1
0
(λ+ 4pi)(λ(2ω − 1) + 6piω)r
3(λ+2pi)
λ−2(λ+3pi)ω−3. (17)
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Fig. 5. SEC, ρ(r) + pr + 2pt > 0.
• The dominant energy condition (DEC) i.e. ρ ≥ |pi| limited the velocity
of the energy transfer to the speed of light. For the present model it is
obtained as:
ρ− pr = (λ+ 3pi)(ω − 1)r
3(λ+2pi)
λ(2ω−1)+6piω+1
0
(λ+ 4pi)(λ(2ω − 1) + 6piω) r
3(λ+2pi)
λ−2(λ+3pi)ω−3, (18)
ρ− pt = − (λ(ω + 2) + 3pi(ω + 3))r
3(λ+2pi)
λ(2ω−1)+6piω+1
0
2(λ+ 4pi)(λ(2ω − 1) + 6piω) r
3(λ+2pi)
λ−2(λ+3pi)ω−3. (19)
Fig. 6. Dominant energy condition ρ(r)−pt > 0.
Fig. 7. Dominant energy condition ρ(r) − pr >
0.
The traversable WHs violate all of the pointwise ECs and the averaged ECs.
The averaged ECs permit localized violations of the ECs, as long as the ECs hold
on average when integrated along timelike or null geodesics.62 The averaged ECs in-
volve a line integral, with dimensions (mass)/(area), and not a volume integral, and
therefore do not provide useful information regarding the “total amount” of EC vio-
lating matter. This has caused the proposal of “volume integral quantifier”.63,64 For
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a simple case of spherical symmetry and averaged null energy condition (ANEC)-
violating matter related only to radial component, it is defined as
Ω =
∫ ∞
r0
∫ pi
0
∫ 2pi
0
[ρ+ pr]
√−g4drdθdφ (20)
or we can rewrite it as
Ω =
∮
[ρ+ pr]dV = 2
∫ ∞
r0
[ρ+ pr]4pir
2dr.
By considering eqns. (10) and (12), we obtain
Ω =
[
4pi(λ+ 3pi)(ω + 1)r
3(λ+2pi)
λ−2(λ+3pi)ω r
3(λ+2pi)
λ(2ω−1)+6piω+1
0
3(λ+ 2pi)(λ+ 4pi)
]∞
r0
. (21)
Fig. 8. Volume integral quantifier (Ω) within λ ∈ [−6.8,−7].
It can be shown that from eqn. (21) that Ω→ 0 when λ→ −7.
5. Conclusion
The existence and construction of the WH solutions in GR with some exotic matter
has always been of great interest for the physicist. The presence of exotic matter
is one of the basic requirement for WH construction as it leads to violate NEC.
In modified theories of gravity, construction of WHs has become more fascinating
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topic as the WHs satisfying the ECs due to the additional stress energy-momentum
tensor in the field equations.
In this work, we have studied the modified f(R, T ) gravity model with an exact
WH solution obtained by adopting the phantom energy EoS ω < −1. We emphasize
the details of WH geometry with constant redshift function and variable shape
function. From Fig. 1 one can observe that the obtained shape function satisfies all
the requirements of WH geometry. The NEC defined by, ρ + pr is violated at the
throat of the WH where as in terms of pt it obeys. The same has been depicted in
Figs. 3,4. Moreover, the SEC and DEC are satisfied in terms of pr and pt everywhere
for the phantom range (see Figs. 5, 6, 7).
One important thing of the WH solutions presented in this article is that there
is no need to explore to stick the WH to an exterior vacuum geometry. We have
considered the VIQ which provides useful information about the total amount of
EC-violating matter. One can observe from Fig. 8 that for a specific range of λ i.e.
−7 ≤ λ ≤ −6.8 the VIQ parameter Ω→ 0.
The present WH model obtained with the radial EoS parameter has phantom
nature. On the other hand in future one can construct phantom WH models using
Chaplygin gas, for example see refs.65–67
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